In most Information Retrieval (IR) applications, Euclidean distance is used for similarity measurement. It is adequate in many cases but this distance metric is not very accurate when there exist some different local data distributions in the database. We propose a Gaussian mixture distance for performing accurate nearest-neighbor search for Information Retrieval (TR). Under an established Gaussian finite mixture model for the distribution of the data in the database, the Gaussian mixture distance is formulated based on minimizing the Kullback-Leibler (KL) divergence between the distribution of the retrieval data and the data in database. We compared the performance of the Gaussian mixture distance with the well-known Euclidean and Mahalanobis distance based on a precision performance measurement. Experimental results demonstrate that the Gaussian mixture distance function is superior in the others for different types of testing data.
Introduction
Research on Information Retrieval (IR) is a key area for building and managing large multimedia databases. Given a query, the objective of IR is to find out the most relevant data of the query according to a similarity metric. To describe the similarity, a form of the geometrical distance metric between points in the feature space is considered a logical choice in many IR applications. The smaller the distance between two vectors in the feature space, the greater the similarity. Thus, the nearest-neighbor search technique is often employed to retrieve the most similar data in the database corresponding to the a query. 
where we call the matrix, A, as the distance matrix which is any positive definite d x d matrix. The effect of A is to scale the distance along each feature axis.
In practice, the most two commonly used distance measures in IR are (1) the Euclidean distance whose distance matrix is the identity matrix and (2) the Mahalanobis distance whose distance matrix is the inverse covariance matrix of the data objects. The main weakness of the above two metrics is that they are not accurate when there exist some clusters with different distributions in the feature space since (1) the Euclidean distance is independent of the distributionof the data, and (2) the Mahalanobis distance only considers the global distributionof the data In our research, to overcome the weakness, we formulate a Gaussian mixture distance according to a Gaussian finite mixture model which estimates the underlying local distribution of the database. A similar Gaussian mixture distance has been used by Cox et al. for face recognition with some satisfactory results [l] . In this paper, we extend Cox's work using the KL divergence and a Gaussian mixture model together to formulate an optimal metric under the accuracy consideration for similarity measure when the estimation of data has been established. In our research, we find the Gaussian mixture distance is a more accurate similarity measure than the Euclidean and the Mahalanobis distance since it captures the local distribution of the database.
The Gaussian mixture distance is highly dependent on the estimation of the distributionof the data. To establish an optimal mixture model for the data in database, the "actual" number of the mixtures in the Gaussian mixture model needs to be determined. In our research, we select a mixture number detennination criterion based on the Bayesian YING-YANG (BYY) theory for its robust performance [2,31. In the next section, we formulate the Gaussian mixture distance in detail using the KL divergence method. Section 3 introduces a mixture number determination criterion based on BYY theory to obtain the optimal mixture numbers of the Gaussian mixture model using EM algorithm. In section 4, we demonstrate our experimental results when comparing the performance of using different distance definitions 0-7803-5529-6/99/$10.00 01999 IEEE for the nearest-neighbor search using a synthetically generated database. Finally, a short conclusion is given in Section 5.
2 Gaussian Mixture Distance Function
Probability Model for Nearest-Neighbor Search
Given a set of d-dimensional feature vectors, X = {Zi}El, and a query, 4', the objective of IR is to find out a subset C which contains M retrieved data with the M greatest values of the conditional probability density p ( l i 13, where C X and p(Z;lq') is a retrieval probability function. If we estimate the probability density functionp(2"1$, as a Gaussian distribution whose mean is the query vector 4', then
where Cc is the covariance matrix and ICc I is the determinant of Cc. Notice that where
Hence,
2;
where / 3 is a positive constant. In Eqn. (4),
can be considered as a distance function and the task of retrieval becomes to search M nearest-neighbors of + in the database based on the distance function, where PQ-' can be seen as the distance matrix and Q-l is the major parameter needs to be estimated.
Distance Matrix under a Single Gaussian Model
In practice, the identity matrix Z is one of the most common choices as the distance matrix, and therefor Eqn. (5)
becomes the Euclidean distance, where is estimated as $1 which is a diagonal matrix. Another popular choice of Cc-l is the inverse covariance matrix of the database, &-' z E ; ' , where Cx is the covariance matrix of the whole database. Then Eqn. (4) becomes the well-known Mahalanobis distance. However, above choices of the distance matrix mainly depend on researchers' experience or intuition. Hence, a theoretical criterion for distance metric estimation is required. Next, we give a method for estimating the distance matrix based on KL divergence 141.
Let p ( 5) denotes a probability density function @df) of the feature vector I to represent the distribution of the data in the database. Since the retrieved data must derive from the database, an important criterion for estimating p(Zl$ is to minimize the divergence between p(Z)q') and p(Z). Here, we use the relative entropy(KL divergence) to describe the divergence, Hence, the optimal estimation, gc, of CC is If p(I) is a Gaussian distribution with the covariance matrix Cx and the mean 6, the KL divergence becomes, From the above results, the Mahalanobis distance using EX'
can be considered as an optimal metric for estimating EC when the distribution of all data in the database can be well described using a single Gaussian. And especially when the Gaussian is a norm Gaussian, Ex = d, where a is a positive constant and Z is the identity matrix, the distance can be seen as an Euclidean distance which is a special case of MahaIanobis distance. Fig. 1 shows cases of using the Mahdanobis distance and Euclidean distance. The two distance matrices are uniform and independent of the position of the query 9:
where each weight, aj 2 0 and aj = 1, and each G(5, tsij, Exj) is a single Gaussian function with the mean, Gj and the covariance matrix, EX,. In the mixture model, an "incomplete data", j , which represents the index cluster number is introduced and the conditional probability P(j1Z) '
describes the probability of a feature vector 5 belonging to the j-th cluster. Hence, we can use a joint probability density function, p ( I , j ) = p ( l l j ) P ( j ) , of I and j to describe the distribution in the database, where P ( j ) = aj and p ( I l j ) = 
G(2, &j j EX^)
Next, let us consider a data set which consists of some Merent types of data clustered as illustrated in Fig. 2 . It becomes unsuitable to use a unifoxm distance matrix for the different queries in this case. Here, we introduce a method to estimate the distance matrix when using a Gaussian mixture model for data clustering. We call the distance function as the GulcssMn mixture distance.
Then,
Hence, the optimal estimate of & is 
In the paper, we use P( e) to denote probability and p( e) to denote pmbability density. For a discrete variable j, its Probability density p( j ) can be ~( 4 = CajG(.',&j,Cxj),
(1 1) j=1 writtenasp(j) = limA+g 9.
problem concerning with the estimation of p ( Z ) is model selection, i.e., how to detect the "true" mixture number in the database. Notice that, Mahalanobis distance can be seen a special case of the Gaussian mixture distance where there only exists one mixture in the feature space. In the next section, we will introduce a cluster number selection method based on the BYY theory.
Mixture Number Selection
Determine the number of mixtures is a well-known model selection problem that has an important role in unsupervised learning. Recently, a Bayesian-Kullback scheme, called the YING-YANG Learning Theory and System, has been proposed to act as a general learning scheme for unifying existing major unsupervised and supervised learning schemes [2, 31. One special case of the YING-YANG machine can provide us a criterion for solving the problem of selecting cluster number.
In our research, we choose an optimal number of mixtures using the following steps:
Step 1: Set k t 1, where k is the candidate mixture number. Step 3: Evaluate the choice of k with the following BYY criterion, Step 4: Choose a new k t k + 1, repeat the step 2 and 3 till k reaches a predefined number.
After using the above steps, we choose the k which minimizes the J ( k ) as the optimal number of mixtures. Under the optimal estimated k and the parameters 8 = {ai, Gj, C~~} j k =~,
we can formulate the Gaussian mixture distance for nearestneighbor search. Next, we perform some experiments to compare the performance of the Gaussian mixture, the Euclidean and the Mahalanobis distance in the next section.
Experiments

TestData
We tested the accuracy performance of the Gaussian mixture distance for IR with 3 sets of P-dimensional synthetic feature vectors. Each test set contains 1200 vectors generated from 6 Gaussian mixtures, with each mixture containing 200 synthetic feature vectors. We assumed the vectors coming from a same mixture belong to the same type. Figures 3(a)-3(c) show the distributions of the 3 set of synthetic feature vectors. From the figures, we can see that the global distribution of the test set 1 has an elliptical shape where the local distributions of all mixtures are spherical, the set 2 has an elliptical global distribution where the local distributions of all mixtures also are elliptical with the same major axis direction, and the set 3 has an irregular global distribution where the local distributions of the mixtures are different.
Estimation of the Test Data
We applied EM algorithm along with the BYY mixture number selection criterion to estimating the distribution of each test set. Figures 3(d)-3(f) show the value of cost function Eqn. (20) for selecting the number of mixtures in test set 1 to set 3. In our experiments, the cost function J ( k ) reaches its global minimum at k = 6 in the J ( k ) versus k curves for all test set, where k is the mixture number. From the experimental results, the BYY criterion has correctly chosen the actual number of mixtures for all of our synthetic data sets. Based on the optimal selected mixture number, we estimated the parameters of the Gaussian mixture models corresponding to each test data set.
Performance Test of the Gaussian Mixture Distance
Under the Gaussian mixture model of a test data set, we can formulate a Gaussian mixture distance function corresponding to a query according to Eqn. (16). Then the Gaussian mixture distance can be used to find out the predefined number of similar vectors from the test data set with the nearest-neighbor search technique. In our experiments, we compared the performance of the Gaussian mixture distance with the Euclidean and Mahalanobis distance for IR. We used the Precision of IR as the performance measure which is defined as: .Next, we demonstrate that the Gaussian mixture distance has the variable parameters. Unlike Euclidean or Mahalanobis distance function, the parameters of the Gaussian mixture distance can change along with the position of current query in the feature space. The variable parameters are able to cap ture the characters of the local distributions of the data. Figures 4(a)-4(c) 
Conclusion
In this paper, we formulated a Gaussian mixture distance function based on minimizing the KL divergence between the distribution of the retrieved data and the data in database. Using the Gaussian mixture distance, we can perform more accurate nearest-neighbor search in IR to find out the similar data of a query than using the Euclidean or Mahalanobis distance. Our experiments have shown that the Gaussian mixture distance always has the highest precision performance among the three distance functions for all test data sets. We also noticed that although the Gaussian mixture distance have shown its advantage in accuracy, there still exists an infeasible factor when applying the Gaussian mixture distance to a practical IR application. The weakness is that the computation complexity is high, since we have to calculate the distance between the query and each data in the test data set in our experiments.
After all, it is impractical to visit all data of a huge database corresponding to each query. We are now considering to build some optimal indexing structures according the local distribution of data to solve the problem. . ' i.
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